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1 ) The system is usually described by the Frölich Hamiltonian ( 1 ), where the phonons are represented by a scalar field coupled to the electron density. Although this interaction has been widely used for approximate calculations, it has never been proved that it provides a statistical mechanical description in the usual sense, in particular that it allows the infinite volume limit to be taken for the thermodynamic quantities. Here, we shall consider this problem, concentrating on the statistical mechanics of the electrons. We therefore us the method of Feynman ( 2 ), in which the statistical operator of the electrons is given by a path integral representation and the phonon field is eliminated at the expense of introducing a non instantaneous interaction between the electrons. Except for this last feature, the situation is then similar to the one encountered in the case of quantum systems with instantaneous potentials (
3 ). The Hamiltonian we start from is
where n is the number of electrons, x i and p i are respectively the positions and momenta of the electrons, and µ is their chemical potential. The phonon field is quantized in a periodic box of volume V 0 , a k and a * k are its annihilation and creation operators, v(k) is a real even function, and ω(k) = (k 2 + m 2 ) 1/2 is the phonon energy with m ≥ 0. We consider the statistical operator e −βH for this system, take the partial trace in the Hilbert space of the phonons, divide out by the partition function of the free phonons, and go to the harmless limit of infinite V 0 . We then obtain the statistical operator of the electrons in the form of an integral kernel ( 4 ): 
where x n = (x 1 , . . . , x n ) and y n = (y 1 , . . . , y n ) are the initial and final positions of the n electrons. The electrons are described by n Wiener trajectories ξ n = (ξ 1 , . . . , ξ n ) with time interval β, starting from x n and ending at the points y n , and
The interaction between the trajectories ξ i and ξ j is given by
where
and ν is the dimension of the space (ν = 3 for physical purposes).
We first assume that v 2 /ω 2 is integrable (this condition is satisfied for the actual electron-phonon system). In this case, as will be shown below, W is well define.
A necessary condition on the interactions, for a statistical mechanical description to be possible at all, is stability ( 5 ), namely the binding energy per particle must be bounded from below. Here however, U can be written as
Th is interaction is attractive and therefore unstable ( 5 ). A natural method to obtain a stable interaction is to introduce an instantaneous potential between the electrons. Physically, such an interaction is provided by the (possibly screened) Coulomb repulsion between the electrons. We now show that this modification suffices to ensue stability. In fact, from
it follows that York, 1969) .
and
so that
By our assumption ϕ(0) is finite and ϕ(x) is a continuous positive definite function. Equation (6) shows that W is well defined, as mentioned before. If we add an instantaneous two body interaction ϕ ′ (x) between the electrons, then the exponent in (2) is replaced by U − U ′ + nβµ where
and ϕ ′ − ϕ is stable (respectively superstable, see ref.
( 5 ), p.40, it follows immediately from (6) that the total interaction is stable (respectively superstable). We now turn to the problem of the existence of he infinite volume limit for the Gibbs potential of the electrons:
where Z is the grand partition function of the electron system enclosed in a box Λ of volume V . Z is obtained from equation (2) by restricting he integration over ξ n to those trajectories which stay in Λ, identifying the end points after proper symmetrization, integration over them over the box Λ and summing over n. The situation is now identical to the one encountered in the case of instantaneous interactions and the proof goes through the standard methods for the Boltzmann or Bose statistics ( 3,5 ), provided the interaction satisfies a weak tempering condition of the following form.
There exist
for all ξ i , ξ j such that inf s,
This condition follows from a) and b) below:
Condition b) is satisfied if v(k) is sufficiently regular, for instance if v(k) belongs to the Schwartz space S(R ν ). Unfortunately, the proof using functional integral representation does not work for fermions.
On the other hand, at low electron density, the system can be studied for all statistics by the same method as systems with instantaneous interactions. One can write integral equations of the Kirkwood-Salzburg type for the reduced density matrices of the electrons, and show that they, as well as the Gibbs potential, are analytic functions of the fugacity z = e βµ for |z| < R, where
Here λ = (2πβ) 1/2 is the thermal wavelength, B is the stability constant for ϕ ′ − ϕ, and
The compensating potential has been assumed positive and integrable for simplicity. The last term in the exponent of (14) is finite if v is sufficiently smooth, for instance if v ∈ S(R ν ). Equation (14) corresponds to Bose or Fermi statistics. A simple expression for R can be obtained for the Boltzmann statistics.
Up to now, we have assumed v 2 /ω 2 to be integrable. If this condition does not hold it is not clear whether W exists. We are going to show that if ν = 2 and v(k) = 1, in which case ϕ(0) is logarithmically divergent, W is well defined. In order to prove this result, we introduce a cut-off σ in the k integrations of the interaction U . The cut-off interaction U σ can be shown to satisfy the following two estimates:
It then follows from an argument of Nelson ( 6 ) ( 7 ) that e U is Wiener integrable and therefore W exists. In this case it is possible to achieve stability by adding an instantaneous potential with a hard core of arbitrarily small diameter a. In fact, let a > 0, let
ds dt φ(0, s − t)
The first term in the r.h.s. of (16) is taken care by the previous argument. The second diverges logarithmically at small ε. From the standard estimate it follows that the exponential is integrable. The third term is an interaction between different trajectories via the instantaneous hard core potential ϕ a . The system can then be made stable by adding a compensating instantaneous potential ϕ ′ such that ϕ ′ − ϕ a is stable. Obviously ϕ ′ must have a hard core of diameter at least a. The proof of the existence of the Gibbs potential in the infinite volume limit extends also to this more singular case, provided ϕ ′ satisfies suitable temperedness conditions.
